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Abstract. We describe a class of partial orders called rooted
lower subtractive orders. We then discuss a class of F -central
algebras from cohomology theory, characterize them in terms of
associated partial orders, and show how to relate some properties
of the two.

1. Introduction

We will begin by discussing a specific type of partial order on a set of
cosets G/H called a rooted, lower subtractive order. We will describe
some properties of this order, and give an algorithm to generate orders
of this type, given G/H. We will then discuss a class of algebras,
motivated by cohomology theory, arising from consideration of Galois
field extensions and their Galois groups. We will then show how these
algebras are characterized by rooted, lower subtractive orders. Finally,
we give several examples of how certain properties of the orders imply
properties of the algebras. This is useful, because the properties of the
orders are easy to see graphically, whereas the corresponding properties
of the algebras might be quite difficult to work with.

2. Rooted Lower Subtractive Graphs

Definition 2.1. A relation ≤ on a set S, denoted (S,≤) is called a
partial order if it satisfies the following two conditions:

(1) s ≤ t and t ≤ s implies s = t
(2) r ≤ s and s ≤ t implies r ≤ t

Given a group G and a subgroup H, not necessarily normal in G,
we can form the set of left cosets of H in G: G/H ≡ {gH|g ∈ G}. We
can then define various partial orders on this set. These orders can be
represented as graphs in the following way: if σH ≤ τH, we place σH
below τH and draw a line connecting them:
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σH

τH

Definition 2.2. A partial order ≤ on G/H is called rooted lower sub-
tractive if

(1) H ≤ gH ∀g ∈ G
(2) Given αH ≤ γH, we have

αH ≤ βH ≤ γH ⇐⇒ α−1βH ≤ α−1γH.

Definition 2.3. Given a partial order (G/H,≤), and σ ∈ G, define
Vσ ≡ {τH|σH ≤ τH}. Define ϕσ : Vσ → G/H by ϕσ(τH) = σ−1τH.
We say ϕσ is closed if

(
ϕσ[Vσ],≤ |ϕσ [Vσ ]

)
is a subpartial ordering (that

is, for αH, βH ∈ Vσ, we have αH ≤ βH ⇐⇒ ϕσ(αH) ≤ ϕσ(βH)).
We say ϕσ[Vσ] ⊆ G/H is complete if, for σ−1αH, σ−1βH ∈ ϕσ[Vσ], we
have σ−1αH ≤ γH ≤ σ−1βH ⇐⇒ γH ∈ ϕσ[Vσ].

Theorem 2.4. Let (G/H,≤) be a partial order, and assume it is rooted
(H ≤ σH ∀σ ∈ G). Then the following are equivalent:

(1) (G/H,≤) is lower subtractive
(2) For all σ ∈ G, ϕσ is a one-to-one, closed map, and ϕσ[Vσ] is

complete.

Proof. First assume that (G/H,≤) is lower subtractive. Let αH, βH ∈
Vσ. Suppose ϕσ(αH) = ϕσ(βH) = γH. Then γH = σ−1αH = σ−1βH.
By lower subtractivity, σH ≤ αH ≤ βH and σH ≤ βH ≤ αH, so
αH = βH, showing ϕσ is one-to-one.

Now let αH, βH ∈ Vσ. By lower subtractivity, we have

σH ≤ αH ≤ βH ⇐⇒ σ−1αH ≤ σ−1βH,

so ϕσ is closed.
Finally, let σ−1αH, σ−1βH ∈ ϕσ[Vσ], λH ∈ G/H, and assume

σ−1αH ≤ λH ≤ σ−1βH.

By lower subtractivity,(
σ−1α

)−1
λH ≤

(
σ−1α

)−1 (
σ−1β

)
H,

or α−1σλH ≤ α−1βH. Since ϕσ is closed,

σ−1αH ≤ σ−1βH ⇐⇒ αH ≤ βH.

Lower subtractivity then shows αH ≤ σλH ≤ βH. Thus λH =
σ−1 (σλ) H, and σH ≤ αH ≤ σλH shows σH ≤ σλH. Hence λH ∈
ϕσ[Vσ], proving completeness.
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Now assume ϕσ is one-to-one, closed, and ϕσ[Vσ] is complete, for
all σ ∈ G. Let σH ≤ γH. First assume σH ≤ τH ≤ γH. Then
σH, τH, γH ∈ Vσ, so

H, σ−1τH, σ−1γH ∈ ϕσ[Vσ].

By closure, σ−1τH ≤ σ−1γH, showing one direction of lower subtrac-
tivity. Now assume σ−1τH ≤ σ−1γH. Since (G/H,≤) is rooted, we
have

H ≤ σ−1τH ≤ σ−1γH.

Since σH, γH ∈ Vσ, we have H, σ−1γH ∈ ϕσ[Vσ], and so by complete-
ness, σ−1τH ∈ ϕσ[Vσ], or τH ∈ Vσ, or σH ≤ τH. Closure tells us that
τH ≤ γH, so σH ≤ τH ≤ γH, and we have proved lower subtractiv-
ity. �

Let (G/H,≤) be a partial order. By height-1 elements, we mean
those elements σH such that H 6= σH and H ≤ αH ≤ σH implies
αH = H or αH = σH (the notion of height will be made more precise
later). Then we state the following without proof (the argument is an
induction argument).

Theorem 2.5. Let (G/H,≤) be a partial order, and assume it is rooted
(H ≤ σH ∀σ ∈ G). Then the following are equivalent:

(1) (G/H,≤) is lower subtractive
(2) For all σ ∈ G such that σH is height-1, ϕσ is a one-to-one,

closed map, and ϕσ[Vσ] is complete.

We now prove a lemma that is used in the next section.

Lemma 2.6. Let (G/H,≤) be rooted, lower subtractive. Let σH be
height-1. Then, for any h ∈ H, hσH is also a height-1 element.

Proof. We cannot have hσH = H, as that would imply σH = h−1H =
H. Assume H = hH ≤ αH ≤ hσH. By lower subtractivity, that
means h−1αH ≤ σH, so h−1αH = H or h−1αH = σH. If h−1αH = H
then αH = hH = H. If h−1αH = σH then αH = hσH. Hence hσH
is height-1. �

3. The Standard Algorithm

We now describe an algorithm to construct rooted lower subtractive
orders on G/H. The algorithm is called the Standard Algorithm, and
orders produced by it are called standard orders or standard graphs.
The algorithm was first developed for trivial H by Abdulla Aljouiee in
his thesis; we present here a generalization to nontrivial H.

(1) Let G be a group, H a subgroup, and consider G/H.
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(2) Let {s1, . . . , sk} generate G/H in the sense that any αH ∈ G/H
can be written as si1 . . . simH. Note that this does not have to
be a minimal generating set.

(3) For all h ∈ H and each si, add the relation H ≤ hsiH. For
notational simplicity, we refer to these elements as the height-1
elements {σ1H, . . . , σnH}.

(4) For each height-1 element σiH, add the relations

σiH ≤ σiσ1H, . . . , σiH ≤ σiσnH

unless σiσjH is another height-1 element or H itself. We refer
to these new elements as the height-2 elements.

(5) Continue in this manner, adding above each height-n element
the elements formed by multiplying by each of the height-1
elements, unless the element to be added is already on the graph
at height n or less.

(6) Stop when every element of G/H has been placed in the order.

The following is an example of a rooted lower subtractive graph
produced by the Standard Algorithm. The group is G = Z10 with
trivial subgroup H = {0}, and generators 1 and 6:

0
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We will not further discuss orders in terms of their graphs, but it is
often helpful to visualize the orders in this way to aid intuition.

Definition 3.1. Let (G/H,≤) be a rooted, lower subtractive partial
order. If σH ≤ τH, a maximal chain (or maximal path) is a chain

σH = σ0H ≤ σ1H ≤ . . . ≤ σnH = τH

such that, if σiH ≤ αH ≤ σi+1H, we have σiH = αH or σi+1H = αH.
A partial order is called catenary if, for all σH ≤ τH, the length of
any two maximal chains from σH to τH is the same. Given a catenary
order, we define the height of an element to be the length of a maximal
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path from H to σH, which we denote by `(σH).1 We define the height
of the order (or the height of the graph) to be the maximum of the
heights of all the elements.

Theorem 3.2. Any standard order is catenary.

Proof. Let σH ≤ τH in a standard order, and let

σH ≤ σ1H ≤ . . . ≤ σnH ≤ τH

and

σH ≤ σ1H ≤ . . . ≤ σmH ≤ τH

(where the superscripts denote an index, not exponentiation) be two
maximal chains. Assume n < m. Then in the step of the algorithm
that operates on σmH, τH will already be in the order at a lower level,
and hence the relation σmH ≤ τH will not be added, contradicting our
hypothesis. Hence we must have n = m. Since this was for arbitrary
elements, the order is catenary. �

Definition 3.3. In the standard order, define a minimal representation
of σH to be s1 . . . snH, where σH = s1 . . . snH, the si are all height-1
elements, and there is no smaller n such that σH can be written in this
way. We call n the length of the minimal representation.

Lemma 3.4. In the standard order, `(σH) is the length of a minimal
representation of σH.

Proof. The lemma is clear for `(σH) = 1. So assume `(σH) ≥ 2. Sup-
pose one minimal representation of σH is σH = s1 . . . snH. We must
have s1H ≤ s1s2H: the only way this cannot happen is if s1s2H is a
height-1 element, but that would allow for a shorter minimal represen-
tation of σH (s1s2H 6= H, as if it did, we would have s1s2 = h ∈ H.
Lemma 2.6 then shows that s1s2s3H = hs3H is also a height-1 coset,
allowing for a shorter minimal representation). Also, it is clear from
the algorithm that s1s2H sits directly above s1H. Similar arguments
show that s1 . . . siH ≤ s1 . . . si+1H, and there are no intervening ele-
ments. Hence we have constructed a maximal chain of length n from
H to σH, so `(σH) = n. �

Lemma 3.5. In the standard order,

gH ≤ gg′H ⇐⇒ `(gH) + `(g′H) = `(gg′H).

1The length of a chain is determined by counting the number of relations, not
the number of elements. So σH ≤ τH ≤ γH is a chain of length two.
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Proof. Suppose first that gH ≤ gg′H. Since H ≤ gH ≤ gg′H, there
must be a maximal path from H to gg′H that contains gH. Hence

`(gg′H) = `(gH) + (length of a maximal path from gH to gg′H).

So we must show that

`(g′H) = (length of a maximal path from gH to gg′H).

Let

gH = gg0H ≤ gg1H ≤ . . . ≤ ggnH = gg′H

be a maximal chain. By Theorem 2.4, ϕg is one-to-one and closed, and
ϕg[Vg] is complete. Closure tells us that

H = g0H ≤ g1H ≤ . . . ≤ gnH = g′H.

Suppose giH ≤ αH ≤ gi+1H. Then completeness tells us that αH ∈
ϕg[Vg], and closure then tells us that ggiH ≤ gαH ≤ ggi+1H. By
the maximality hypothesis, that implies that either gαH = ggiH or
gαH = ggi+1H. Therefore, either αH = giH or αH = gi+1H. Hence

H = g0H ≤ . . . ≤ gnH = g′H

is a maximal chain. Therefore,

`(g′H) = (length of a maximal path from gH to gg′H),

and we have proved this direction.
Now assume `(gH) + `(g′H) = `(gg′H). Let the minimal rep-

resentations be gH = s1 . . . snH and g′H = t1 . . . tmH. We have
g = s1 . . . snh and g′ = t1 . . . tmh′, so one representation of gg′H
is s1 . . . snht1 . . . tmh′H. The h′ can be discarded. Since t1H is a
height-1 element, Lemma 2.6 says ht1H is too, and we can write
ht1H = σ1H, so ht1 = σ1h

′′. Continuing this process, we can write
gg′H = s1 . . . snσ1 . . . σmH. Now, suppose that gH 6≤ gg′H; that is,
suppose

s1 . . . snσ1 . . . σkH 6≤ s1 . . . snσ1 . . . σk+1H

for some k between 0 and m − 1. Let this be the largest k such that
this holds. By the definition of the standard algorithm, the only reason
this can happen is if s1 . . . snσ1 . . . σk+1H already exists at a lower level
of the graph. Then

`(gg′H) ≤ ` (s1 . . . snσ1 . . . σk+1H) + (m− (k + 1)) .

We have 1 ≤ k + 1 ≤ m, so 0 ≤ m− (k + 1) ≤ m− 1. Also,

` (s1 . . . snσ1 . . . σk+1H) ≤ `(gH) + k

< `(gH) + (k + 1).
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Hence

`(gg′H) < (`(gH) + (k + 1)) + (m− (k + 1))

= `(gH) + m.

Lemma 3.4 shows that `(g′H) = m, so we have `(gg′H) < `(gH) +
`(g′H), contradicting our hypothesis. So we must have

s1 . . . snσ1 . . . σkH ≤ s1 . . . snσ1 . . . σk+1H ∀0 ≤ k ≤ m− 1,

which shows that gH ≤ gg′H. �

Corollary 3.6. Let (G/H,≤) be rooted lower subtractive and catenary.
Then gH ≤ gg′H implies `(gH) + `(g′H) = `(gg′H).

Proof. Inspection of the proof of this direction in Lemma 3.5 shows
that only properties of catenary graphs, and not any further properties
of the standard graph, were used. �

Corollary 3.7. Let (G/H,≤) be rooted lower subtractive and catenary.
Then `(σH) = `(hσH) for all h ∈ H.

Proof. We have hH = H ≤ hσH. Hence by Corollary 3.6,

`(hH) + `(σH) = 0 + `(σH)

= `(σH)

= `(hσH). �

Theorem 3.8. The standard algorithm always constructs a partial or-
der that is rooted, lower subtractive.

Proof. The algorithm will clearly generate a partial order that is rooted,
as everything is above H. Also, every element of G/H will be added, as
every element is generated by the height-1 elements. So we only need
to show lower subtractivity. Let gH ≤ gαβH, so `(gH) + `(αβH) =
`(gαβH) by Lemma 3.5. First assume gH ≤ gαH ≤ gαβH. This tells
us that `(gH) + `(αH) = `(gαH) and `(gαH) + `(βH) = `(gαβH), so

`(αH) + `(βH) = `(gαH)− `(gH) + `(gαβH)− `(gαH)

= `(gαβH)− `(gH)

= `(gH) + `(αβH)− `(gH)

= `(αβH),

so αH ≤ αβH. Now assume that αH ≤ αβH, or `(αH) + `(βH) =
`(αβH). Suppose that gH 6≤ gαH. By Lemma 3.4, it is clear that this
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can only happen if `(gH) + `(αH) > `(gαH). Then we have

`(gH) + `(αH) = `(gαβH)− `(αβH) + `(αβH)− `(βH)

= `(gαβH)− `(βH),

which implies that `(gαβH)− `(βH) > `(gαH), or `(gαH) + `(βH) <
`(gαβH). This can never happen, so we must have gH ≤ gαH,
or `(gH) + `(αH) = `(gαH). Similarly, assume gαH 6≤ gαβH, or
`(gαH) + `(βH) > `(gαβH). This gives

`(gH) + `(αH) + `(αβH)− `(αH) > `(gαβH),

or `(gH) + `(αβH) > `(gαβH), contradicting our hypothesis. Hence
gαH ≤ gαβH, proving lower subtractivity. �

4. Cocycles and Algebras

Definition 4.1. In the discussion that follows, let K be a field ex-
tension of F that is Galois of finite degree, with Galois group G. A
function f : G×G → K is called a cocycle if

(1) f(1, σ) = f(σ, 1) = 1 ∀σ ∈ G
(2) fσ(τ, γ)f(σ, τγ) = f(σ, τ)f(στ, γ) ∀σ, τ, γ ∈ G.

The cocycle is called weak if the image contains the value 0, otherwise
it is called a strong cocyle, or simply a cocycle.

We can build a ring from this as follows: for each σ ∈ G, let xσ be
an indeterminate. Define

Af ≡
⊕
σ∈G

Kxσ.

The addition operation is the natural one:∑
σ∈G

kσxσ +
∑
σ∈G

lσxσ =
∑
σ∈G

(kσ + lσ)xσ.

Multiplication is defined by the following two rules:

(1) xσk = kσxσ ∀k ∈ K, σ ∈ G
(2) xσxτ = f(σ, τ)xστ

This is in fact a ring, as the next theorem shows. It contains an
isomorphic copy of K given by mapping k ∈ K to kx1.

Definition 4.2. A ring A of finite dimension over a field F such that
F ⊆ Z(A) (where Z(A) ≡ {z ∈ A|za = az ∀a ∈ A} is called the
center) is called an F -algebra. An F -algebra A is called F -central if
F = Z(A). A ring is called simple if the only two-sided ideals are {0}
and the whole ring.
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Theorem 4.3. Af is an F -central algebra, called the crossed product
algebra. If the cocycle is strong, Af is simple.

Proof. It is an abelian group because the addition operation is inherited
from the field K. The multiplicative identity is x1:(∑

σ∈G

aσxσ

)
x1 =

∑
σ∈G

aσf(σ, 1)xσ1

=
∑
σ∈G

aσxσ,

and similarly from the left. Associativity is a consequence of the defini-
tion of a cocycle. Let a =

∑
α∈G aαxα, b =

∑
β∈G bβxβ, c =

∑
γ∈G cγxγ.

We have

(ab)c =

(∑
α

∑
β

aαbα
βf(α, β)xαβ

)∑
γ

cγxγ

=
∑

α

∑
β

∑
γ

aαbα
βcαβ

γ f(α, β)f(αβ, γ)xαβγ

and

a(bc) =
∑

α

aαxα

(∑
β

∑
γ

bβcβ
γf(β, γ)xβγ

)
=
∑

α

∑
β

∑
γ

aαbα
β

(
cβ
γ

)α
fα(β, γ)f(α, βγ)xαβγ.

By the definition of a cocycle, these expressions are equal,2 hence Af is
a ring. To see that [Af : F ] is finite, we first note that [K : F ] = |G|.
We claim that {xσ|σ ∈ G} is a K-basis for Af , as any element of Af can
be written kσ1xσ1 + . . . + kσnxσn , where n = |G|. Hence [Af : F ] = n2.

We show it is F -central by showing F ⊆ Z(Af ) and Z(Af ) ⊆ F
(where F again means the isomorphic copy Fx1). Let f ∈ F , and let

2Careful readers will note that
(
cβ
γ

)α = α (β (cγ)) = αβ (cγ) = cαβ
γ , and not cβα

γ

as the notation suggests.
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a =
∑

σ aσxσ be an element of Af . We have

af =

(∑
σ

aσxσ

)
fx1

=
∑

σ

aσf
σxσ

=
∑

σ

aσfxσ,

since f is fixed by G. We have also

fa = fx1

∑
σ

aσxσ

=
∑

σ

aσfxσ,

and so f ∈ Z(Af ). Conversely, let a =
∑

σ aσxσ be in Af . If aσ 6= 0 for
some σ 6= 1, we can choose c ∈ K such that cσ 6= c. Then the coefficient
of xσ in a(cx1) is aσc

σ, but in (cx1)a it is aσc, hence a /∈ Z(Af ). So for
an element to be in the center, it must be of the form kx1. If k /∈ F ,
we can find some σ ∈ G such that kσ 6= k. Then xσ(kx1) = kσxσ, but
(kx1)xσ = kxσ. Hence any element in the center must be of the form
fx1 for some f ∈ F . We have thus shown that F = Z(Af ), and so Af

is F -central.
Finally, we show Af is simple when the cocycle is strong. Define

`(j) for all j ∈ Af as the number of nonzero terms in the expansion
j =

∑
σ jσxσ. Let I be a nonzero ideal, and let a =

∑
σ aσxσ ∈ I be

nonzero. If a1 = 0, we can choose some τ ∈ G such that aτ 6= 0. Then

axτ−1 =
∑

σ

aσxσxτ−1

=
∑

σ

aσf(σ, τ−1)xστ−1

=
∑

σ

bσxσ,

where bστ−1 ≡ aσf(σ, τ−1). Since bστ−1 6= 0 if and only if aσ 6= 0, we
have `(a) = `(b) and b1 6= 0. If b = b1x1, note that b−1

1 (b1x1) ∈ I, and
hence I = Af . Otherwise, choose k ∈ K such that kτ 6= k for at least
one bτ 6= 0. We have b(kx1) =

∑
σ bσk

σxσ and (kx1)b =
∑

σ kbσxσ.
They are not equal, as the coefficient of xτ differs. However, they both
have the same coefficient for x1. Hence ` (b(kx1)− (kx1)b) < ` (b),
b(kx1)−(kx1)b ∈ I, and b(kx1)−(kx1)b 6= 0. Thus given any element of
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a nonzero ideal with length at least two, we can always find a nonzero
element of smaller length, from which it is clear every nonzero ideal
contains a unit and hence equals Af . �

In the classical case of strong cocycles, we have the following theorem
due to Wedderburn, which we state here without proof.

Theorem 4.4. Let F be any field, and A any algebra that is F -central
simple. Then there exists an F -central division algebra D such that
A ∼= Mn(D) (n × n matrices with elements from D) for some n, with
D unique up to isomorphism and n unique.

Hence in the strong cocycle case, our construction always gives an
algebra that is matrices over a division ring. We can go the other
direction, from central simple algebras to cocycles, in the following
way. Let F be any field, A any F -central simple algebra. Theorem
4.4 shows that A ∼= Mn(D), for some uniquely determined F -central
division algebra D. Fixing F , we define A ∼ B if and only if we have
A ∼= Mn(D) and B ∼= Mm(D), for some n and m. This is in fact an
equivalence relation. Then we have the following theorem, also stated
without proof.

Theorem 4.5. Suppose A is an F -central simple algebra. Then there
exists another F -central simple algebra B such that:

(1) A ∼ B
(2) F ⊆ K ⊆ B, where K is a Galois field extension
(3) [K : F ]2 = [B : F ]
(4) CB(K) = K, where CB(K) = {b ∈ B|bk = kb ∀k ∈ K}.

In this case, we claim without proof that B can be shown to arise
from the cocycle construction described earlier. To summarize, we have
shown that given a Galois field extension K/F and a strong cocycle
f , we can construct an F -central simple algebra Af . This algebra will
be matrices over an F -central division ring. Conversely, given any F -
central simple algebra A, we can find a Galois extension K/F and a
strong cocycle f such that A ∼ Af .

5. Weak Cocycles

We now expand the class of algebras we are studying by allowing
weak cocycles. In this case, our algebra will (in general) no longer be
simple, but this loss of knowledge is compensated for by the fact that
we can now build a rooted lower subtractive ordering from the weak
cocycle, which will contain information about the algebra.
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Theorem 5.1. Given a Galois extension K of F , [K : F ] finite, and
a weak cocycle f : G × G → K, let H = {σ ∈ G|f(σ, σ−1) 6= 0}. The
following are true:

(1) H = {σ ∈ G|xσ is invertible in Af}
(2) H is a subgroup of G
(3) Define a relation ≤ on G/H by σH ≤ τH ⇐⇒ f(σ, σ−1τ) 6= 0.

This is a well-defined relation, a partial order, and rooted, lower
subtractive.

(4) σH ≤ τH ⇐⇒ xσ|`xτ (i.e., xτ = xσa for some a ∈ Af)
(5) f(h, σ) 6= 0 and f(σ, h) 6= 0 ∀h ∈ H, σ ∈ G

Proof. Assume f(σ, σ−1) 6= 0. Then there is a k ∈ K such that kσ =

(f(σ, σ−1))
−1

, and so xσ (kxσ−1) = f(σ, σ−1)kσxσσ−1 = x1. Conversely,
if xσ is invertible, the only form its inverse can take is x−1

σ = kxσ−1 ,
so xσkxσ−1 = f(σ, σ−1)kσxσσ−1 = x1, which implies f(σ, σ−1) 6= 0,
proving part 1.

The set H contains 1, as x1x1 = x1. If α ∈ H, our construction of
x−1

α above shows that α−1 ∈ H. Finally, let α, β ∈ H. Then there exists
x−1

α and x−1
β . Then (xαxβ)

(
x−1

β x−1
α

)
= x1, so xαxβ = f(α, β)xαβ 6= 0.

Then there is a k ∈ K such that kβα = f(α, β). So

xαβ

(
kx−1

β x−1
α

)
= (f(α, β))−1 kβαxαxβx−1

β x−1
α

= x1,

showing that αβ ∈ H, proving part 2.
We now prove part 3, first showing the relation is well-defined. Sup-

pose σH ≤ τH, and let σH = σ′H, τH = τ ′H. We can write
σ′ = σhσ, τ ′ = τhτ . We must show that

f(σ′, σ′−1τ ′) = f(σhσ, h
−1
σ σ−1τhτ ) 6= 0.

By the cocycle condition, we have

f(σhσ, h
−1
σ σ−1τhτ )f(σ, hσ) = fσ(hσ, h

−1
σ σ−1τhτ )f(σ, σ−1τhτ ).

We show each term on the right-hand side is nonzero, noting that
fσ(α, β) 6= 0 ⇐⇒ f(α, β) 6= 0. Appyling the cocyle definition to the
first term, we get

f(hσ, h
−1
σ σ−1τhτ )f

hσ(h−1
σ , σ−1τhτ ) = f(hσ, h

−1
σ )f(hσh

−1
σ , σ−1τhτ ).

Since hσ ∈ H, f(hσ, h
−1
σ ) 6= 0, and f(1, σ−1τhτ ) = 1 by definition.

Hence f(hσ, h
−1
σ σ−1τhτ ) 6= 0. Turning to the second term, we have

f(σ, σ−1τhτ )f
σ(σ−1τ, hτ ) = f(σ, σ−1τ)f(τ, hτ ).

By hypothesis, f(σ, σ−1τ) 6= 0. Using the cocycle definition,

f(τ, hτ )f(τhτ , h
−1
τ ) = f τ (hτ , h

−1
τ )f(τ, hτh

−1
τ ).
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Since hτ ∈ H, f(hτ , h
−1
τ ) 6= 0, and f(τ, 1) = 1, hence f(τ, hτ ) 6= 0, in

turn showing f(σ, σ−1τhτ ) 6= 0, so f(σhσ, h
−1
σ σ−1τhτ ) 6= 0, proving the

relation is well-defined.
We now show the relation is a partial order. Suppose first that

σH ≤ τH and τH ≤ γH, or f(σ, σ−1τ) 6= 0 and f(τ, τ−1γ) 6= 0. By
the cocycle definition,

f
(
σ, (σ−1τ)(τ−1γ)

)
fσ(σ−1τ, τ−1γ) = f(σ, σ−1τ)f(τ, τ−1γ)

6= 0,

hence f(σ, σ−1γ) 6= 0 or σH ≤ γH, showing transitivity. Now assume
σH ≤ τH and τH ≤ σH. By definition,

f(τ, (τ−1σ)(σ−1τ))f τ (τ−1σ, σ−1τ) = f(τ, τ−1σ)f(τ(τ−1σ), σ−1τ).

The right-hand side is nonzero by hypothesis, hence f(τ−1σ, σ−1τ) 6= 0,
so τ−1σ ∈ H, or τH = σH, proving antisymmetry. Hence the relation
is a partial order.

We now show the partial order is rooted, lower subtractive. We have

H ≤ σH ⇐⇒ f(1, σ) 6= 0.

Since the right-hand side is always true, the order is rooted. Now, let
αH ≤ γH. First assume αH ≤ βH ≤ γH. We have

f(α, α−1γ)fα(α−1β, β−1γ) = f(α, α−1β)f(β, β−1γ)

by the cocycle condition. The right-hand side is nonzero by hypothe-
sis, so f (α−1β, (β−1α)(α−1γ)) 6= 0, or α−1βH ≤ α−1γH. Conversely,
assume α−1βH ≤ α−1γH. We again have

f(α, α−1γ)fα(α−1β, β−1γ) = f(α, α−1β)f(β, β−1γ),

but now the hypotheses tell us that the left-hand side is nonzero. Hence
the right-hand side is nonzero, giving αH ≤ βH ≤ γH. That proves
lower-subtractivity.

We now prove part 4. Assume first that σH ≤ τH, or f(σ, σ−1τ) 6= 0.

We have xτ = xσ (kxσ−1τ ), where kσ = (f(σ, σ−1τ))
−1

. Conversely,
assume xσ|`xτ . The only possibility is that xτ = xσ (kxσ−1τ ), which
shows that f(σ, σ−1τ) 6= 0, or σH ≤ τH.

Finally, we prove part 5. Let h ∈ H. We have

hH = H ≤ hσH ∀σ ∈ G,

which by definition means f(h, σ) 6= 0. Also, σH ≤ σhH, so f(σ, h) 6=
0. �
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Part 5 of Theorem 5.1 tells us that f |H×H is a strong cocycle. Hence
we can split Af into two pieces, by defining

Bf ≡
⊕
σ∈H

Kxσ Jf ≡
⊕
σ/∈H

Kxσ.

Then Af = Bf

⊕
Jf , and Bf is a central simple KH-algebra (where KH

is the fixed field of H in K). This is called the Wedderburn principal
splitting.

Theorem 5.2. Jf is a two-sided ideal in Af , and is nilpotent: (Jf )
k+1 =

{0}, where k is the height of the graph of (G/H,≤).

Proof. It is clearly an additive group. Let j =
∑

σ/∈H jσxσ ∈ Jf , and
let a =

∑
τ∈G aτxτ ∈ Af . We have

ja =
∑
σ/∈H

∑
τ

jσa
σ
τ f(σ, τ)xστ .

If στ ∈ H, f(στ, τ−1σ−1) 6= 0. By definition,

f(στ, τ−1σ−1)f(σ, τ) = fσ(τ, τ−1σ−1)f(σ, σ−1).

Since σ /∈ H, f(σ, σ−1) = 0, so f(σ, τ) = 0. Hence ja ∈ Jf . Similarly,

aj =
∑

τ

∑
σ/∈H

aτj
τ
σf(τ, σ)xτσ.

If τσ ∈ H, then f(τσ, σ−1τ−1) 6= 0. By the cocycle condition,

f(τσ, σ−1τ−1)f(τ, σ) = f τ (σ, σ−1τ−1)f(τ, τ−1).

If τ /∈ H, then f(τ, τ−1) = 0, so f(τ, σ) = 0. If τ ∈ H, then
f(σ, σ−1τ−1) = 0 as σH 6≤ τ−1H = H, so f(τ, σ) = 0. Hence aj ∈ Jf ,
proving that it is a two-sided ideal.

To show that it is nilpotent, we must show that j1 . . . jk+1 = 0 for
any such product (j1, . . . , jk+1 ∈ Jf ). Let ji =

∑
σi /∈H ji,σi

xσi
. Then

the product

j1 . . . jk+1 =

(∑
σ1 /∈H

j1,σ1xσ1

)
. . .

 ∑
σk+1 /∈H

jk+1,σk+1
xσk+1


=
∑
σ1 /∈H

. . .
∑

σk+1 /∈H

j1,σ1 . . . jσ1...σk
k+1,σk+1

f(σ1, σ2) . . . f(σ1 . . . σk, σk+1)xσ1...σk+1
.

Suppose f(σ1, σ2) 6= 0, . . . , f(σ1 . . . σk, σk+1) 6= 0. Then we have

σ1H ≤ σ1σ2H ≤ . . . ≤ σ1 . . . σkH ≤ σ1 . . . σk+1H.
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None of these are degenerate (i.e., σ1 . . . σiH 6= σ1 . . . σi+1H), as that
would mean (σ1 . . . σi+1)

−1 (σ1 . . . σi) = σi+1 ∈ H. The minimal height
that the chain can have occurs if σ1H is a height-1 element, in which
case the chain has height k+1, contradicting the definition of k. Hence
at least one term is zero, and since this is the product of arbitrary
elements in Jf , we have shown that it is nilpotent. �

We state without proof the following theorem, which classifies the
algebras we have constructed.

Theorem 5.3. Let Af be an algebra constructed from a weak cocycle
and Galois field extension, as above. Then Af

∼= Mn(D), where D =
S
⊕

J(D). Here J(D) is the radical of S (the largest nilpotent ideal in
S), D/J(D) ∼= S, and S is a division algebra.

6. The Structure of Cocycle Classes

In this section we describe some of the structure of the set of cocycles
that can arise from a given Galois extension K. This material is not
immediately pertinent to the results given in section 8, but it is a
fundamental motivating factor for the objects we are studying.

We begin by determining when two strong cocycles give rise to iso-
morphic F -algebras. Let K/F be a Galois extension, with {xσ|σ ∈ G}
and {yσ|σ ∈ G} two choices of K-bases giving rise to the same F -
algebra,

Af =
⊕
σ∈G

Kxσ =
⊕
σ∈G

Kyσ.

Let the cocycle associated with {xσ} be f , and that associated with
{yσ} be g. In other words, xσxτ = f(σ, τ)xστ and yσyτ = g(σ, τ)yστ .

Consider yσx
−1
σ = yσcxσ−1 , where cσ = (f(σ, σ−1))

−1
. This must be an

element of K∗, as none of the terms are 0, and it commutes with every
element of K:

(cσyσxσ−1) k =
(
kσ−1

)σ

(cσyσxσ−1)

= k (cσyσxσ−1) ∀k ∈ K.

Hence we can write yσx
−1
σ = kσ, or yσ = kσxσ, for some kσ ∈ K∗. We

can use this as follows:

yσyτ = g(σ, τ)yστ

= g(σ, τ)kστxστ

= (kσxσ) (kτxτ )

= kσk
σ
τ f(σ, τ)xστ ,
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giving

g(σ, τ) =
kσk

σ
τ

kστ

f(σ, τ).

Conversely, given a basis {xσ}, we can choose a set {kσ}, which will
give another cocyle in the way outlined above. This motivates the
following definition and theorem, which we do not further justify.

Definition 6.1. Two cocycles (possibly weak), f : G × G → K and
g : G × G → K, are called cohomologous or equivalent if there is a
function α : G → K∗ such that

f(σ, τ) =
α(σ)ασ(τ)

α(στ)
g(σ, τ)

for all σ, τ ∈ G. We denote this by f ∼ g.

Theorem 6.2. Given two algebras Af and Ag and the corresponding
strong cocycles f and g, we have f ∼ g ⇐⇒ Af

∼= Ag.

The relation f ∼ g is in fact an equivalence relation; we denote
equivalence classes by [f ]. The set H2(G, K∗) ≡ {[f ]|f a cocycle} is
a group.3 The identity element is the class [1] such that 1(σ, τ) = 1
for all σ, τ ∈ G. Multiplication is the natural one: [f ][g] = [fg], where
fg(σ, τ) = f(σ, τ)g(σ, τ). Finally, if f is a cocycle, then its inverse is
denoted f−1, where f−1(σ, τ) = (f(σ, τ))−1. Then [f ][f 1] = [1]. We
leave further verification of these facts to the reader.

We now turn to the case of weak cocycles. We maintain the same
definition of cohomologous. We have the following modification of the-
orem 6.2, stated without proof:

Theorem 6.3. Given two algebras Af and Ag and the corresponding
weak cocycles f and g, we have f ∼ g ⇐⇒ Af

∼= AG over K; that
is, there is an isomorphism ϕ : Af → Ag such that ϕ(k) = k for all
k ∈ K.

Define M2(G, K) ≡ {[f ]|f a weak cocycle}. This is no longer a
group, as any cocycle that gives f(σ, τ) = 0 for some σ, τ ∈ G can-
not have an inverse. In fact, it is a monoid. We have H2(G, K∗) ⊆
M2(G, K) is precisely the subgroup of invertible elements.

We can better understand M2(G, K) with the following general con-
struct. For any monoid M , if e ∈ M is idempotent (e2 = e), we can
form the set

Me = {f ∈ M |fe = f and ∃g ∈ M such that fg = e}.
3The motivation for the notation H2(G, K∗) comes from cohomology theory and

is outside the scope of this paper.
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This is then a group with identity element e (it is not technically a
subgroup of M , as it has a different identity, unless e = 1).

Now, given a weak cocycle f , define ef : G×G → {0, 1} by

ef (σ, τ) =

{
1 if f(σ, τ) 6= 0,

0 if f(σ, τ) = 0.

It is fairly straightforward to show that ef is also a cocycle, and clearly
e2

f = ef . Also, we can define gf : G×G → K by

gf (σ, τ) =

{
(f(σ, τ))−1 if f(σ, τ) 6= 0,

0 if f(σ, τ) = 0.

It is also straightforward to show that gf is a cocycle, and that fef = f ,
fgf = ef , and gfef = gf . So in the notation given above,

[f ] ∈ M2(G, K)[ef ].

Conversely, given e : G × G → {0, 1} a cocyle, we can simplify our
notation and let

M2
e (G, K) ≡ M2(G, K)[e]

= {[f ] ∈ M2(G, K)|ef = e}.
Since each f will correspond to exactly one ef , we have

M2(G, K) =
∐

M2
e (G, K);

that is, M2(G, K) is the disjoint union of groups.
In terms of the partial orders we have been considering, recall that

we defined (G/H,≤) by σH ≤ τH ⇐⇒ f(σ, στ) 6= 0. Hence the
partial order does not depend on f , but only on ef . Conversely, if
we start with a rooted lower subtractive order (G/T,≤), we can easily
write down an e giving rise to this order by defining

e(σ, τ) =

{
1 σT ≤ στT ,

0 σT 6≤ στT .

We see that the rooted lower subtractive partial orders on G/H, as H
varies over all subgroups of G, are in one-to-one correspondence with
the idempotent elements of M2(G, K).

7. Equivalence of Left and Right Cosets

In this section, we briefly justify our use of left cosets by showing that
there is a one-to-one correspondence between orders on left and right
cosets. Most of this could have been done immediately after defining
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rooted lower subtractivity, but a few of the proofs are made easier by
later results.

Theorem 7.1. Suppose (G/H,≤) is rooted, lower subtractive. Then
(H\G,≤R), where Hσ ≤R Hτ ⇐⇒ τσ−1H ≤ τH, is well-defined and
is rooted, lower subtractive (making the necessary modifications to the
definition of lower subtractivity to handle right cosets: if Hσ ≤R Hτ ,
then Hσ ≤R Hγ ≤R Hτ ⇐⇒ Hγσ1 ≤R Hτσ−1).

Proof. Suppose Hσ ≤R Hτ , or τσ−1H ≤ τH. Choosing arbitrary coset
representatives, let Hσ = Hσ′ and Hτ = Hτ ′. σ′ ∈ Hσ → σ′ = hσσ
for some hσ. Similarly, τ ′ = hττ . Substituting gives

τ ′σ′−1H ≤ τ ′H ⇐⇒ hττσ−1h−1
σ H ≤ hττH

⇐⇒ hττσ−1H ≤ hττH.

By lower subtractivity on the left,

τσ−1H ≤ τH ⇐⇒ hτH ≤ hττσ−1H ≤ hττH,

so Hσ ≤R Hτ ⇐⇒ Hσ′ ≤R Hτ ′, hence ≤R is well-defined.
The right-hand relation is rooted, as H ≤R Hα ⇐⇒ αH ≤ αH.

Since this holds always, we have H ≤R Hα for all α ∈ G.
Finally, we demonstate lower subtractivity. Let Hα ≤R Hγ. Sup-

pose first that Hα ≤R Hβ ≤R Hγ. Hα ≤R Hγ ⇐⇒ γα−1H ≤ γH,
and

Hα ≤R Hβ ≤R Hγ ⇐⇒ βα−1H ≤ βH and γβ−1H ≤ γH.

By lower subtractivity,

γβ−1H ≤ γα−1H ≤ γH ⇐⇒ βα−1H ≤ βH;

the right-hand side is true by hypothesis. So γβ−1H ≤ γα−1H, or
equivalently, Hβα−1 ≤R Hγα−1, showing one direction of lower sub-
tractivity.

Suppose now that Hβα−1 ≤R Hγα−1, or γβ−1H ≤ γα−1H. We
know γα−1H ≤ γH. So γβ−1H ≤ γα−1H ≤ γH gives us γβ−1H ≤ γH
and, by lower subtractivity, βα−1H ≤ βH. Combining these gives
Hα ≤R Hβ ≤R Hγ, showing the other direction of lower subtractivity.

�

Corollary 7.2. There is a one-to-one correspondence between rooted
lower subtractive orderings on left cosets and rooted lower subtractive
orderings on right cosets.

Proof. We have shown that every rooted lower subtractive ordering
on left cosets generates a corresponding ordering on right cosets. We
must show that every rooted lower subtractive ordering on right cosets
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is generated by an ordering on left cosets. Given (H\G,≤R), define an
ordering (G/H,≤) by σH ≤ τH ⇐⇒ Hσ−1τ ≤R Hτ . This is a well-
defined rooted lower subtractive ordering; the proofs are quite similar
to those given above, so we omit them. Then this order on left cosets
is seen to generate the corresponding order on right cosets as described
in Theorem 7.1. Hence we have shown a one-to-one correspondence
between rooted lower subtractive orders on left and right cosets. �

Lemma 7.3. Let H be the trivial subgroup. Given (G,≤) as induced
by Theorem 5.1, and (G,≤R) the associated right-hand order described
in Theorem 7.1, define a new relation � on G by σ � τ if and only if
there exists a chain σ = σ0 ≤ σ1 ≤R σ2 ≤ . . . ≤R σn = τ where the ≤’s
and ≤R’s alternate (the chain may start and end with either ≤ or ≤R,
so long as the alternating condition is maintained). Then the following
conditions are equivalent:

(1) σ � τ
(2) AfxτAf ⊆ AfxσAf

Proof. Assume first that such a chain exists. We will use the chain
given in the statement of the lemma; the other cases are similar. The
first relation, σ0 ≤ σ1, tells us by Theorem 5.1 that xσ1 = xσ0(ka1xa1).
The second relation tells us that xσ2 = (ka2xa2)xσ1 = ka2xa2xσ0ka1xa1 .

4

Continuing in this way, it is clear that we can write

xτ = kxan . . . xa2xσxa1 . . . xan−1 .

Hence for any αxτβ ∈ AfxτAf , we can rewrite it as

αkxan . . . xa2xσxa1 . . . xan−1β ∈ AfxσAf ,

and so AfxτAf ⊆ AfxσAf .
Conversely, assume that AfxτAf ⊆ AfxσAf . Then we can write

xτ = xαxσxβ (ignoring constants). Since xσxβ|Rxτ , σβ ≤R τ . Also, σ ≤
σβ ⇐⇒ f(σ, β) 6= 0, which we know is true as xτ = xαf(σ, β)xσβ 6= 0.
Hence we have σ ≤ σβ ≤R τ , or σ � τ . �

Theorem 7.4. The relation � defined above is a partial order.

Proof. Suppose σ � τ and τ � γ. By the lemma, AfxτAf ⊆ AfxσAf

and AfxγAf ⊆ AfxτAf , so AfxγAf ⊆ AfxσAf , or σ � γ, showing
transitivity.

Now suppose σ � τ and τ � σ. By the lemma, AfxσAf = AfxτAf .
The only way this can happen is if xσ = xγxτxδ and xτ = xαxσxβ

4The proof that σH ≤R τH ⇐⇒ xσ|Rxτ is analogous to the proof of the
statement for the left order.
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(ignoring constants). Substituting again gives

xσ = xγxαxσxβxδ = xγαxσxβδ.

Defining γα ≡ a, we must have

xσ = xaxσxσ−1a−1σ

= f(a, σ)f(aσ, σ−1a−1σ)xσ,

which tells us that a ≤ aσ ≤ σ. By lower subtractivity, this implies
σ ≤ a−1σ. We can continue this process, and since this is a finite
group, we must get σ ≤ a−1σ ≤ a−2σ ≤ . . . ≤ σ. The only way this
can happen is if σ = a−1σ, implying a = γα = 1, or γ = α−1. We also
have f(γ, α) 6= 0, or γ ≤ γα = 1, or γ = α = 1. Similarly, f(β, δ) 6= 0,
or β ≤ βδ = 1, or β = δ = 1. Hence xσ = x1xτx1, or σ = τ , proving
antisymmetry. �

8. Correspondences Between Properties of Orderings
and Algebras

In this section, we describe several important properties of these
algebras that can be shown to correspond with properties of the asso-
ciated rooted, lower subtractive order. Often, it is easier to show that
the order has some necessary property than to work directly with the
algebra.

Definition 8.1. Let A be an F -algebra. We say A is Frobenius if there
is a map T : A× A → F with the following properties:

(1) (Associativity) T (ab, c) = T (a, bc)
(2) (Bilinearity) T (a1+a2, b) = T (a1, b)+T (a2, b) and T (a, b1+b2) =

T (a, b1) + T (a, b2)
(3) (Nondegeneracy) T (a, b) = 0 ∀a ∈ A implies b = 0, and T (a, b) =

0 ∀b ∈ A implies a = 0

A canonical example of such a function is given by T : Mn(F ) ×
Mn(F ) → F where T (A, B) = Tr(AB); in other words, T is like a
generalization of the trace function.

Definition 8.2. Let (G/H,≤) be a rooted, lower subtractive order.
An element σH is called maximal if σH ≤ τH implies σH = τH. The
order is called Frobenius if there exists a unique maximal element.

We state the following theorem without proof; it was first shown by
Abdulla Aljouiee in his thesis.

Theorem 8.3. Let Af and the associated order (G/H,≤) be as in The-
orem 5.1. Then Af is Frobenius if and only if (G/H,≤) is Frobenius.
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We now turn to a different property.

Definition 8.4. A partial order (G/H,≤) is called a lattice if every
pair of elements has a least upper bound; more precisely, if

(1) For every pair of elements σH, τH there exists a λH such that
σH ≤ λH and τH ≤ λH

(2) Further, if σH ≤ δH and τH ≤ δH, then λH ≤ δH.

Lemma 8.5. Let (G/H,≤) be the induced order described in Theorem
5.1. Then the following are equivalent:

(1) λH is the least upper bound for σH and τH
(2) xλAf = xσAf ∩ xτAf

Proof. Suppose first that λH is the least upper bound for σH and τH.
By Theorem 5.1, we can write xλ = xσkxσ′ (where kσ = (f(σ, σ′))−1 ).
Hence for any xλa ∈ xλAf , we have xλa = xσ (kxσ′a) ∈ xσAf , and so
xλAf ⊆ xσAf . Similarly, xλAf ⊆ xτAf , and so

xλAf ⊆ xσAf ∩ xτAf .

We now show containment in the other direction. Let xσa = xτb ∈
xσAf ∩ xτAf , or equivalently,

xσ

∑
α

aαxα =
∑

α

aσ
αf(σ, α)xσα

=
∑

β

bτ
βf(τ, β)xτβ

= xτ

∑
β

bβxβ.

We want to write this as
∑

γ cλ
γf(λ, γ)xλγ ∈ xλAf . If σα = τβ for

fixed α, β, we can choose γ such that λγ = σα = τβ. The coefficients
of xσα and xτβ are equal by hypothesis, and we want to show we can
make the coefficient of xλγ match this value. When both coefficients
are 0, we can simply take cλ

γ = 0. When they are nonzero, we have
f(σ, α) 6= 0 and f(τ, β) 6= 0, or σH ≤ σαH and τH ≤ τβH. By the
least upper bound hypothesis, we then have λH ≤ λγH, or f(λ, γ) 6= 0.
Hence the coefficient of xλγ can be made to match, and we can write
xσa = xτb = xλc. This shows that xσAf ∩ xτAf ⊆ xλAf , and thus
xσAf ∩ xτAf = xλAf .

Now assume that xλAf = xσAf ∩ xτAf . We can write xλ = xσa,
so by Theorem 5.1, σH ≤ λH. Similarly, τH ≤ λH. Now, suppose
σH ≤ δH and τH ≤ δH. Again by Theorem 5.1, we can write xδ =
xσa

′ = xτb
′. Then by hypothesis, we must be able to write xδ = xλc

′,
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which shows that λH ≤ δH. Hence λH is the least upper bound for
σH and τH. �

Corollary 8.6. The order (G/H,≤) is a lattice if and only if, for every
pair σ, τ ∈ G, we have xσAf ∩ xτAf = xλAf for some λ ∈ G.

Proof. Suppose the order is a lattice. Then for every pair σ, τ ∈ G there
is a least upper bound λH for σH and τH. The lemma shows that
xσAf ∩ xτAf = xλAf . Conversely, if xσAf ∩ xτAf = xλAf for every
σ, τ ∈ G and some λ ∈ G, then the lemma tells us that every pair
σH, τH has a least upper bound, and hence the order is a lattice. �

The right ideals of a ring, equipped with the intersection operation,
will always form a lattice. In the case of a partial order (G/H,≤) that is
a lattice, we see that the subset of ideals generated by a single element
form a sublattice. These ideals are in one-to-one correspondence with
the partial order relations as shown above. Hence in this case, all
information contained in the ordering is contained also in the ideal
structure.

We describe now a final algebraic property that can be studied
through the partial ordering.

Definition 8.7. Given an algebra A and a commutative monoid M ,
we say the algebra is M-graded if it can be written as the direct sum
A =

⊕
m∈M Vm such that if a ∈ Vn and b ∈ Vm we have ab ∈ Vm+n.

The elements of Vn are called the homogeneous elements of degree n.

Theorem 8.8. Let (G/H,≤) be the order induced as in Theorem 5.1.
If this partial order is catenary, then the algebra Af is Zk-graded, where
k is the height of the graph. The Vn’s are both left and right Bf -modules.

Proof. Let Vn ≡
⊕

`(σH)=n Kxσ (i.e., the sum is taken over all σ ∈ G

such that `(σH) = n). Then we can write Af =
⊕k

n=0 Vn, as each
xσ will be in exactly one of the Vn. Given xσ ∈ Vn and xτ ∈ Vm,
we have xσxτ = f(σ, τ)xστ . If σH ≤ στH, then f(σ, τ) 6= 0. By
Lemma 3.5, `(σH)+ `(τH) = `(στH), so xσxτ ∈ Vn+m. If σH 6≤ στH,
then f(σ, τ) = 0 and so xσxτ = 0 (which is in every Vi).

5 Dis-
tributivity ensures that the grade still holds for homogeneous elements∑

`(σH)=n kσxσ ∈ Vn. Hence the algebra is graded.

Recall Bf =
⊕

σ∈H Kxσ. We show Vn is a left and right Bf -module.
Since the requirements of module multiplication are automatically sat-
isfied by the ring multiplication, we need only show that BfVn ⊆ Vn and

5Note that if n + m > k, we must have f(σ, τ) = 0: otherwise, `(στH) > k,
contradiction. Hence in this case, xσxτ ∈ V0 and xσxτ ∈ Vn+m. It is a matter of
preference whether to think of n + m as 0 or n + m (mod k).
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VnBf ⊆ Vn. Let xh ∈ Bf , xα ∈ Vn. It is clear that `(αhH) = `(αH),
and Corollary 3.7 shows that `(hαH) = `(αH). Hence xhα, xαh ∈ Vn.
It is clear that this still holds for sums. We have thus shown contain-
ment. �

Corollary 8.9. If (G/H,≤) arises from the Standard Algorithm, then
then the associated algebra Af is Zk-graded.

Proof. Theorem 3.2 showed that standard orders are catenary, hence
Theorem 8.8 applies. �

9. Conclusion

We have established several important properties of rooted lower
subtractive orders on G/H, including giving an algorithm to generate
them. We then characterized, in some sense, all F -central simple alge-
bras. We broadened the class of algebras we considered by dropping the
requirement of simplicity, or equivalently, allowing weak cocycles. We
then showed how these algebras give rise to rooted lower subtractive
orders. Finally, we established several connections between the orders
and algebraic properties.

There are several areas of possible future exploration. One is to
give necessary and/or sufficient conditions for rooted lower subtrac-
tive graphs to have certain properties. For example, it is unknown
under what conditions the Standard Algorithm will give graphs that
are Frobenius or lattices. An open conjecture is that all catenary or-
ders are suborders of standard orders. Also, we suspect that there is
more information to be gained from the lattice condition. In terms of
gradings, a little reflection will show that simply knowing an algebra is
graded is not enough to show the graph is catenary. However, it would
be satisfying to show that some class of grades gives information about
the order. Finally, any additional connections between order properties
and graph properties are desirable. One likely class of correspondences
are those that yield additional information about an algebra’s ideal
structure, but others are also likely.
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