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Abstract

Characterizing entanglement in all but the simplest case of a two qubit pure state is a hard problem, even understanding
the relevant experimental quantities that are related to entanglement is difficult. It may not be necessary, however, to quantify
the entanglement of a state in order to quantify the quantum information processing significance of a state. It is known that
the fully entangled fraction has a direct relationship to the fidelity of teleportation maximized under the actions of local unitary
operations. In the case of two qubits we point out that the fully entangled fraction can also be related to the fidelities, maximized
under the actions of local unitary operations, of other important quantum information tasks such as dense coding, entanglement
swapping and quantum cryptography in such a way as to provide an inclusive measure of these entanglement applications. For
two qubit systems the fully entangled fraction has a simple known closed-form expression and we establish lower and upper

bounds of this quantity with the concurrence. This approach is readily extendable to more complicated sy2@82£Isevier
Science B.V. All rights reserved.
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1. Introduction studied extensively with regard to nonlocal quantum
correlations [2] indicated by the observed violation
A pure quantum state is entangled if it is impossi- of Bell's inequality [3]. In the past decade, the fo-
ble to factorize into a tensor product of states for the cus of entanglement studies has shifted toward appli-
separate systems (e.g., the singlet state of two spin-cations which use the nonclassical features of quan-
1/2 particles(1/+/2)(|01) — |10)), is entangled). This  tum systems to surpass classical limitations on com-
property, originally introduced to sharpen discussions munications and computation. Such applications are
of foundational issues in quantum theory [1], has been part of the emerging field ajuantum information [4]
and include quantum cryptography [5], dense coding

mspondmg author [6], teleportation [7], entanglement swapping [8], and
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a mixed bipartite system has become an intensely stud-where F is the fully entangled fraction [11] and is
ied problem. In general, mixed states are entangled if defined as the overlap between a mixed sfatend
it is impossible to represent the density operator as ana maximally entangled state@) maximized over all
incoherent sum of factorizable pure states [10]. There |®):
are a number of measures of entanglement for a bipar-
tite system. Three closely related measures are the en-F = max{(®||®)}. (2)
tanglement of formation, the entanglement of distilla- ?)
tion, and the concurrence. The entanglement of forma- Unlike entanglement, the fully entangled fraction does
tion is defined as the least number of maximally entan- have a clear experimental interpretation as the optimal
gled states required to asymptotically prepare a mixed ability of a state to teleport and it is clear that the de-
statep with local operations and classical communi- gree to which fully entangled fraction is greater than
cations [11] and the entanglement of distillation is de- 1/2 (Fr > 2/3) can be used to quantify the teleport-
fined as the asymptotic yield of maximally entangled ing ability of a state over the best “classical telepor-
states that can be extracted frgmmwith local oper- tation” protocols. This suggests that it may be possi-
ations and classical communications [11]. The con- ble to define aneasure of entanglement applications
currence [12] is monotonically related to the entan- directly. Such a mathematical quantity may be just
glement of formation, and therefore an equally valid as useful as a true entanglement measure, but more
measure of entanglement, but is the only measure de-practical from a theoretical standpoint. It is natural to
scribed here that provides a closed expression for thewonder whether the fully entangled fraction is such
simplest case of a two qubit bipartite system [13]. Rel- a quantity, thatis, can it be used to measure the general
ative entropy [14] measures entanglement by consider- quantum information significance of a state. To answer
ing the ability to distinguisty from all separable states  this question for the case of two qubits, in Section 2,
and negativity [15] quantifies the degree to which the we examine the relationship between the fully entan-
eigenvalues of the partial transpose fail to satisfy the gled fraction and the fidelities of all two qubit applica-
partial transpose separability condition [16]. To be tions which have been experimentally demonstrated to
sure all of these entanglement measures can be com-date: dense coding, teleportation, entanglement swap-
puted, like any physical quantity in quantum mechan- ping, and quantum cryptography (Bell inequalities).
ics, from knowledge of the density matrix which can We consider these applications with a general two
be found experimentally with tomography [17], but qubit mixed state in place of the standard maximally
their relation to experimental consequences are indi- entangled pure state and find that the fully entangled
rect at best. For example, a two qubit mixed state de- fraction does indeed quantify the quantum processing
scribed by an ensemble of partially entangled states significance of dense coding, teleportation, entangle-
can always be distilled, in a nonunique fashion, into a ment swapping, and quantum cryptography (violating
smaller ensemble of maximally entangled states which Bell’s inequality) in an inclusive sense. We are taking
can in turn be used for useful quantum information *“inclusive” to mean that a nonzero value indicates that
processing [18]. a state can perform at least one of these applications
Modern conventional wisdom holds that character- better than allowed “classically” and a zero value in-
izing entanglement in all but the simplest of cases is dicates that a state cannot perform any of these appli-
a hard problem. Even understanding the relevant ex- cations better than allowed “classically”. Similar ap-
perimental quantities that are related to entanglementproaches have examined continuous variable telepor-
is difficult. It may not be necessary, however, to quan- tation [20] and Bell inequality experiments [21]. The
tify the entanglement of a state in order to quantify fully entangled fraction has a simple closed-form an-
the quantum information processing significance of alytic expression, in the case of two qubits, which we
a state. For example, Horodecki et al. [19] demon- rederive in Section 3 under the present context. In Sec-
strated that the maximum teleportation fidelity for a tion 4 we establish upper and lower bounds between
general two qubit system is given by the fully entangled fraction and the only measure of
1 entanglement described above with a closed-form ex-
Fp¥= 3(4+26), (1) pression for a general two qubit state, the concurrence,
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(a)

(b)
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Fig. 1. Circuit diagram representation. (a) Dense coding: Alice
applies one of four unitariegl, i X, i ¥, i Z} to her qubit which Bob
can read out with a Bell state analysis (BSA). (b) Teleportation:
Alice teleports an unknown quantum stgtg) by sending the
result of a Bell state analys{9/1, M2} to Bob who transforms his
qubit into |) conditioned on this information. (c) Entanglement
swapping: Alice projects Bob's two particles into a maximally

575

by applying one of four local unitariesolely to her
own qubit,

1gijel) =Y

lgiX|ot)=|e?) =i 7|01>}2|10>,
i®i?|¢1)=]¢3>z—%,
i®i2|q§1)=|q>4)z'|00)%2|11), ®)

where{X, Y, Z} are the Pauli operators [4] and/)

(j =1,2,3,4) are the so-called “magic basis” states
[11,12], an orthonormal set of maximally entangled
states with a convenient phase convention. After re-
ceiving one qubit from Alice, Bob can read out two
bits of information with a fidelity of one by performing

a Bell state analysis on his two particles. To measure
entanglement with this protocol the maximally entan-
gled statg®1) is replaced with an arbitrary two qubit
statep and the dense coding fidelity is defined as an
average over the four possible outcomes:

Foc = 7 ([#']5]0Y) + (07 (Ae 1%)s(dei%)!|0?)
+(03(1eit)p(ieit)'|0?)

HoYAeizpei)|ed). @

entangled state via a Bell state analysis on her two qubits. See Using the definition of th¢d/) basis states, the dense

Ref. [4] for a complete description of quantum circuit diagrams.

and in Section 5 we conclude and discuss generaliza- g, . — (@|5|@Y).

tions of these ideas to more complicated systems.

2. Therelation between two qubit applications
and the maximally entangled fraction

2.1. Dense coding

The relationship between the fully entangled frac-

coding fidelity reduces to the fidelity of relative to
a single maximally entangled state:

®)

However, it is natural to expect that, experimentally,
one should attempt to maximize the utility of the state
by choosing the best possible local coordinate basis in
which to carry out the experiment. Thus, the intrinsic
capabilities of the state should take this into account.
Mathematically, this is expressed by maximizing the
quantity (®15|®1) over all possible local unitary
operators, viz.

tion and dense coding [6] (see Fig. 1(a)) is clearest. In Fmax— max {(¢] (04 ® 0B)T;3(0A ® Ug)|ot).

this entanglement application Alice and Bob each re-
ceive one qubit of a maximally entangled stat?!) =
/1/2(|00) 4+ |11)), where the first entry denotes Bob’s
gubit and the second denotes Alice’s qubit. Alice can
encode 2 bits of information in four orthogonal states

UA U
(6)
Because all maximally entangled states are related
under local unitary operations, this is equivalent to
maximizing (®|o|®) over all maximally entangled
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stateg®) which is just the fully entangled fraction:

)

It is clear that the maximum fidelity for dense coding
(F5&* = 1) occurs wherd is maximally entangled and
the maximum fidelity for a separable statgJ* =
1/2) occurs wherp is pure.

ma
FI&=F.

2.2. Teleportation

For pedagogical reasons we next examine tele-
portation [7] (see Fig. 1(b)), whose relationship to
the fully entangled fraction was first worked out by
Horodecki et al. [19] The goal of teleportation is to use
a maximally entangled pair of qubits to transmit an ar-
bitrary quantum state from one point to another with
the communication of only two classical bits. Briefly,
Alice has a qubit (particle 1) in an unknown quantum
state|y/)1 = cog6/2)|0)+sin/2)e'?|1) (0 < 6 < 7,

0 < ¢ < 27), and Alice and Bob again share a maxi-
mally entangled stati@!),3 (particles 2 and 3, respec-
tively). Alice performs a Bell state analysis on her two
qubits (particles 1 and 2) measuring one of four pos-
sible outcomegM1, M2} € {0, 1}. Using two bits of
classical information she informs Bob of the outcome
and he applies the unitary transformatigi/2x "1,
transforming his qubit into Alice’s original quantum
state with a fidelity of unity. Suppose that, instead of
the maximally entangled state!), we attempt tele-
portation using an arbitrary two qubit staie Follow-
ing Popescu [22], we define the teleportation fidelity
as an ensemble average over all input states

2r 7

i/ff(@,(b)sin(e)ded(p,
00

Fr = ™ (8)
where (@, ¢) = (¥|poutlyy). This quantity can be
considered a measure of the usefulnesspofor

performing teleportation. It is easiest to compute by

exchanging the measurements and control operations

[23] so that the Bell basis transformation is followed
by a controlled-NOT between particles 2 and 3 and
a controlledZ between particles 1 and 3 (see Ref. [4,
Chapter 4], for a description of these quantum gates).
The trace over Alice’s system can be performed and
the integral above can be computed to give

Fr =2 (1+29"5[9Y) (©)
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Again, maximizing this quantity over all over all
possible local unitary operators gives

1
FP™= S+ 2F). (10)

2.3. Entanglement swapping

The relationship between the fully entangled frac-
tion and entanglement swapping [8] (see Fig. 1(c)) is
similar to the case of dense coding. In this entangle-
ment application, there are two pairs of maximally
entangled states in a direct product stafg 1234 =
|®1) 1o @ |®1)34 (Where 12,3, and 4 label the par-
ticles, respectively). If Alice receives particles 1 and
3 and Bob receives particles 2 and 4, the state can be
reexpressed in this basis as

1
|P)1234= E(’¢l>13® |¢'1)24_ |¢2)13® |¢2)24

10158 [0~ [958 7))
(11)

A Bell measurement by Alice (Bob) will project Bob’s
(Alice’s) particle into a maximally entangled state
despite the fact that the two particles have never
interacted in the past. Replacing either maximally
entangled state with an arbitrary density matfix
and making use of symbolic manipulation software,
the fidelity of entanglement swapping can be defined
similarly to dense coding as an average over the
fidelities of the four possible outcomes with a similar
result:

FE5=(<1§1|,5|¢1). (12)

Once again, maximizing this quantity over all over all
possible local unitary operators gives

FE&*=F. (13)

2.4. Quantum cryptography (Bell inequalities)

Last, we examine the relationship between the fully
entangled fraction and Bell inequality experiments,
which occur, for example, in the Ekert protocol for se-
cure key distribution [5]. The standard Bell correlation
function [24] is given by

B = [Tr{8100 320625 — $1(60)82(9)

+ 510D 82(92)p + 516 S2(99) 5} |, (14)
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where S;(¢;) = cos¢;)Z; + sin;)X;. The Bell
inequality is given byB < 2 and is violated when
B > 2. The detectors are set to their optimal values
{p1=0, ¢; =7/2, ¢ = 7/4, ¢}, = 3 /4} such that
the violation is maximum for the maximally entangled
state|®?). This state is then replaced with a general
statep and the Bell correlation function as a function
of p is given by

B =vVIT{(XeX+2e2)p)

=2

Z(¢f|(f(®f(+2®2),5|q>f)

J
=2v2|(@p[@7) - (#°|5|%)].

It is clear that the normalized expressidy2v/2,
maximized over all local unitaries operating on the

(15)
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[25], maximizing each term in Eq. (17) separately over
the local unitary operators, and then maximizing
with respect t@ to show that the maximum occurs for

0 = /2. It is physically intuitive that this statement
will also be true if this measure is generalized to fidu-
cial mixed states. Although not a rigorous proof, this
suggests that the fully entangled fraction is the “best”
guantifier of entanglement applications in the sense of
being the most inclusive.

3. A simple closed-form expression for the fully
entangled fraction

In Section 2 we deduced that the fully entangled
fraction can be physically interpreted as an inclusive
measure of entanglement applications. That is, when

separate subsystems, will always be less than or equalr is greater than /2 a mixed state can at least perform

to the fully entangled fraction. Therefore, a fully
entangled fraction greater than2lis a sufficiency
condition for violating Bell's inequality. Munro et al.
considered a similar situation by maximizing Bell
correlations over all possible detector orientations
{1, 91, #2, 5} [21]. We have verified numerically
that this quantity is also always less than the fully

dense coding, teleportation, or entanglement swapping
with a fidelity that is better than any separable state
using classical protocols. It is clear that this quantity

is invariant under local unitary operators, which can

be viewed passively as a basis transformation, but not
under local nonunitary operators (e.g., projective mea-
surements and dissipation) [11,26]. These nonunitary

entangled fraction by searching 500 000 random statesoperators can invoke irreversible changes in a state that

weighted toward higher concurrences (we explain how
this is done in Section 4). This result is not unexpected
due to the fact that it is well known that there exist
mixed states which can teleport arbitrary quantum
states better than any classical protocol, yet fail to
violate standard Bell inequalities [22].

It is interesting to note that in general, measures
which maximize the overlap between a fiducial pure

are less useful for understanding the intrinsic proper-
ties of a quantum state. In light of this result we briefly
reprise here the derivation of a closed-form expres-
sion, first derived by Bennett et al. [11], of the fully en-
tangled fraction in the case of an arbitrary state of two
gubits. We take as our starting point the fully entangled
fraction as expressed by Eq. (6). This expression can
be simplified by using a property of maximally entan-

state and an input state with respect to a local basis, gled states{, ® Ug|®l) =1® 03}9(711)?|¢1)’ and

VIZ.

F(l¥r), b)

0m%X{(1/ff|(0A ® 0B)T/5(0A ® UB)II/ff)},

(16)
have the largest difference in fidelities between a max-
imally entangled state and a separable pure state,

A=F(1ys), |oN®@I) = F(I¥ ), luv)uvl),  (17)

when |y ¢) is maximally entangled. This can be seen
by writing the fiducial state in a Schmidt decomposi-
tion |y 7) = (Ua ® Ug)(c0og60/2)|00) + sin0/2)|11))

redefining the optimizing unitary/ = lA]B)A’lAJZf’, SO
that this expression involves only a single maximiza-
tion over a local unitary operator:

F=max(o|(1e 0)'s(1e U)o} (18)
U

Expanding|®) = (1 ® U)|®Y) in a Pauli basis and
making use of the basis states defined in Eq. (1),
1®) =1® (xal+ixaX +ixsl +ixsZ)|®?)

4
= an|d>”),
n=1

(19)
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1

allows one to represent an arbitrary maximally entan-
gled state by four real parameters (n =1, 2, 3, 4)
that satisfyg(x1, x2, x3, x4) = x% + x% + x:,z, + xz =1.
Inserting this expression into Eq. (18) gives

4
F(x1,x2,x3,x4) = Z My mXnXm, (20)

n,m=1

whereM,, ,, = (®"|p|®™). The extrema condition is
found by including the constraint with an undeter-
mined Lagrange multipliex: 02

0
a—xk{F(XL X2, X3, X4) + Ag(x1, x2, x3, x4)} =0.

0 061 0‘2 013 054 065 066 057 0?8 059 1
(21) E
This condition in conjunction with the hermiticity of

~ . . . Fig. 2. Concurrence€ vs. E for 100 000 random density matrices. In
p givesrise to an elgenvalue equation

order to achieve a more uniform distribution and better demonstrate
the upper and lower bounds, we plot a modified distribution

4
_ consisting of a convex sum between Egs. (25) and (26) with a

ZRe{M’“”}x” = —Ax. (22) parameter that varies between 0 and.0The upper and lower

n=1 bounds (solid lines) are given iy = 2C — 1 andE = C, respec-

The eigenvectorsxy, x3,x3,x;) (j = 1,2,3,4) of ey

this real, symmetric matrix are orthonormal since
g = 1. Inserting the eigenvectors into Eqg. (20) and
making use of their ortho-normalization results in 1

F =max(n/}, wheren/ = —)/ are the corresponding  P- =€7 7+ (1= )| Vpure) (¥purel, (24)

eigenvalues of this matrix. It is convenient to renor- where O< ¢ < 1. If the pure state is decomposed in
malize this expression so that it is 1 for a maximally  gchmidt basisgypure = (U4®Ug)(cog6/2)|00) +
entangled state and 0 for a separable state, sin(©,/2)|11)) [25], the local unitaries will not con-

an arbitrary pure state,

A

. 1 tribute and we find thak'(o_) =C(p_) = (1 —¢) x

E(p) = 2<max{nf, 0} — §>’ (23) sind — €/2 (the maximum between this number and
, zero is implicit).
wheren’/ are the eigenvalues of the matib, ,, = The upper bound for the concurrence is found
Re{(@"|p|@™)}, |®7) being the maximally entangled  numerically by doing a numerical search over one
basis states defined in Eq. (1). million random density matrices (see Fig. 2),
T
R=—T (25)

4. Therelation between the fully entangled T T
fraction and the concurrence whereT is a 4x 4 matrix whose elements, ,, =

t, + it; are determined by the random numbeis;

The fully entangled fraction, once measured, estab- chosen uniformly on the interv4D, 1}. We find that
lishes lower and upper bounds for the concurrence. It the upper bound for the concurrence occurs for states
has been proved that the fully entangled fraction is that are a convex sum of a direct product staie and
a lower bound for the entanglement of formation [11, a maximally entangled staie),

27] and therefore a lower bound for the concurrence

which is monotonically related to the entanglement of 2+ = ¢luv)(vul+ (1 =)@} (@], (26)
formation. The states which form the lower bound are such that{uv|®) =0 and O< ¢ < 1. Taking|uv) =
given by a convex sum of a maximally mixed state and |01) and|®) = |@1), we computeE (p4) = 1—2¢ and
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C(p+) =1— ¢, whichimpliesE(p4+) =2C(p4+) — 1. an average of thé? results gives
These bounds, taken together, imply that a nonzero d2
E is a necessary condition for nonzero concurrence, 1 N

but not a sufficient one. These results are consistent” °¢~ ;2 .
with similar entanglement of distillation results found a1
by Bennett et al. [28]. We see that this operational =(@*|p|®). (28)

measure determines the range of possible concurrencqvlaximizing this over all local unitaries (this is the

valuesCpos for a mixed state: same as maximizing over all maximally entangled
states [29]) we see that the maximum fidelity of dense
E+1 R : )
E < Cpos< ——. 27) coding in this more general case is also given by the
2 fully entangled fraction:

FLE*=F. (29)
5. Conclusions
FJ&* =1 when |[¢?) is maximally entangled and

FJ@=1/d when|®?) is pure and separable. Horo-
decki et al. [19] also found a similar result for the
maximum teleportation fidelity:

In conclusion, we have found that the fully en-
tangled fraction can be used as an inclusive mea-
sure of entanglement applications in the case of two
qubit states. That isF" > 1/2 guarantees that a mixed max  Fd+1
state can be used to achieve, on average, “cIassicaIIyF T ax1
impossible” results in either dense coding, telepor-
tation, entanglement swapping, or quantum cryptog-
raphy (Ekert protocol); all two qubit quantum infor-

(30)

A general analytic expression for the fully entangled
fraction for the general mixed case in this system is

mation brocessing anplications which have been ex- not known, however, there are known analytic results
P g app in the case of pure states [30]. It may also be possible

perimentally demonstrated to date. This quantity has to generalize the association of the fully entangled

a 3|mple_ closed-form expression for general two qubit fraction with fidelities of quantum information tasks
states given by the largest eigenvalue of the real part of .

the density matrix expressed in a “magic” Bell basis. in multipartite systems.
Although it appears that the fully entangled fraction
is the “best” measure of entanglement applications in
the sense of being the most inclusive, we leave this
question open. It could be conceived that there are
other two qubit applications or definitions of fidelity Bil
which have direct experimental consequences that in-
clude the fully entangled fraction as a subset. In which
case it would define a new inclusive measure of these
entanglement applications which sets the threshold for
accomplishing classically inconceivable quantum in-
formation tasks. This quantity may be of more practi-
cal use than entanglement for characterizing the quan-
tum informations processing ability of more compli- 11 A Einstein, B. Podolsky, N. Rosen, Phys. Rev. 47 (1935) 777;
cated systems. For example, dense coding generalized  g. schradinger, Proc. Cambridge Philos. Soc. 31 (1935) 555.
tod x d systems allows Alice to use a maximally en-  [2] J.S. Bell, Speakable and Unspeakable in Quantum Mechanics:
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